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Autonomous Rendezvous Using Artificial Potential
Function Guidance
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A novel methodology has been developed for the guidance and control of a maneuvering chase vehicle under-
going terminal rendezvous in the presence of path constraints and multiple obstructions. The method hinges on
defining a suitable scalar function which represents an artificial potential field describing the locality of the target
vehicle. Using a set of bounded impulses the chase vehicle is guided by the local topology of this potential func-
tion. Obstructions and path censtraints are introduced by superimposing regions of high potential around these
regions. Exact, analytical expressions are then obtained for the required control impulse magnitude, direction and
switching times using the second method of Lyapunov. These control impulses ensure that the potential function
monotonically decreases so that convergence of the chaser to the target is ensured analytically, without violating
the path constraints. Since the components of the potential and control impulses may be represented analytically,
the method appears suitable for autonomous, real-time control of complex maneuvers with a minimum of onboard

computational power.

Introduction

ENDEZVOUS problems have become of increasing impor-

tance in recent years due to space station applications. Rel-
atively simple analytical solutions which provide the impulses
required for achieving rendezvous after a specified interval of time
have long been established. These are the well-known Clohessy—
Wiltshire rendezvous solutions.! Subsequent studies have investi-
gated minimum propellant rendezvous maneuvers using optimal
control theory.>~> More recently expert systems have been devel-
oped for automated terminal rendezvous guidance.® However, such
systems require complex software and place demands on onboard
computational power. Similarly, human path planning has been con-
sidered for space station operations. In general, such methodologies
result in feasible solutions but place an extra burden on crew work
load.’

Most studies assume that the chase vehicle may access any re-
gion of the configuration space. However, many scenarios of fu-
ture orbital operations involve operations in the proximity of large
space structures, such as the proposed international space station.
In most cases, accidental contact of a vehicle with another structure
is hazardous. Consequently, one of the essential requirements for
operations near large space structures is the ability to maneuver in
proximity to them without collision. Moreover, such scenarios may
include additional constraints such as obstructions which are fixed
or moving with respect to the target. Such obstructions may be an-
other spacecraft, station-keeping near the target, or a nonphysical
volume, such as an antenna radiation beam. An acceptable transfer
in such an environment is one which ensures rendezvous but which
does not intersect the obstructions. Additionally, to reduce the oper-
ational cost and complexity of such systems, it is desirable that the
guidance is simple but entirely autonomous.

The problem of path-constrained maneuvering was initially intro-
duced by Stern and Fowler.® It was demonstrated that only a small
fraction of unbroken transfer paths between arbitrary points on rep-
resentative structural shapes successfully completed point-to-point
transfers, without first colliding with the structure.”'° However, this
method involves numerically intensive techniques, allows only the
calculation of the statistical likelihood of a particular maneuver be-
ing successful, and does not provide real-time guidance information.
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In this study the guidance information is provided by superim-
posing an artificial potential function on the system state space.!!
The local topology of this potential generates analytic guidance
commands, obtained using the second method of Lyapunov. These
guidance commands ensure the convergence of the chaser to the tar-
get by guiding the chaser along a path of steepest descent. The
method provides analytical expressions for the required control im-
pulse magnitude, direction, and switching times.

The motivation for this approach has been to develop an ana-
lytically based method which ensures convergence to the target
without collisions. This safety critical criterion has been taken to
be paramount. As such the method is not optimal, although the
propellant costs for terminal rendezvous are, in general, not large.
The potential function method has already been successfully applied
to proximity maneuvering of low-thrust vehicles.!! The potential
function method itself has its origins in robotics,'>*3 although ter-
restrial robots have, in principle, access to systems with large com-
putational power. For this reason robotic application have centred
on numerically generated potentials.'*

Obstructions are handled by superimposing regions of high po-
tential about the volume of state space to be avoided. By manip-
ulating the local topology of the obstruction potentials, different
geometries of obstructions may be considered. The path may then
be shaped in any desired manner by manipulating the global topol-
ogy of the potential function. Therefore, the vehicle may complete
a collision-free rendezvous maneuver between any two points in
state space using analytic guidance commands. Since the guidance
is entirely analytical, it is believed that this methodology may be
suitable for the real-time, autonomous guidance of terminal ren-
dezvous maneuvers, using a minimum of onboard computational
power.

Proximity Equations

The dynamical equations describing the relative motion between
the target and chase vehicle will now be formulated. Figure 1 shows
the position vectors of the target r7 on an arbitrary circular orbit and
chaser r with respect to the geocentric frame. The relative position
of the chaser with respect to the target is defined by the vector L
resolved into a local Cartesian frame x (r bar), y (v bar) and z
(out of plane). It will be assumed that there are no non-gravitational
perturbations other than the chaser control impulses. The vector
equation of motion of the chase vehicle in a reference frame rotating
with the target is then given by

F+2wxr+wx (wxr)=-V¢ ¢))]
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A Chase Vehicle

Fig.1 Rendezvous coordinate system.

where w is the target orbital angular velocity vector and ¢ the local
two-body gravitational potential.

Assuming that the target-to-chaser distance is much smaller than
the orbital radius of the target satellite, Eq. (1) may be linearized by
transforming to target fixed coordinates L = r — rr, viz.,

.. . 3
L+2wxL+wxwxL)= —{5;V¢}L+O(L2) )
Nondimensionalizing the local target fixed coordinates such that

& =(x/rr),n = (y/rr),{ = (z/rr) and changing the independent
variable to azimuthal angle v = wt it is found that

£ -2 -3t=0 (3a)
n+2¢'=0 (3b)
t"+¢=0 (30

where the prime denotes differentiation with respect to the az-
imuthal angle. These are the familiar Clohessy—Wiltshire equations
which may now be used to develop the potential function guidance
methodology.

Potential Function Guidance

The second method of Lyapunov will now be used to generate
guidance commands and to ensure convergence of the chaser to the
target. A suitable scalar potential function V (x) is now chosen with
V (0) = 0 such that

V) >0, Vx # 0 (4a)
Vx) — oo, as x| — oo (4b)
Vix) <0, Vx # 0 (4c)

With these conditions the state-space origin is a globally attractive
point, with all state-space paths converging toward it.!> The state
vector x to be considered in the subsequent analysis will contain only
position variables x = (&, n, {), so that in principle Lyapunov’s
theorem will only ensure convergence in position and not in velocity.
However, it will be demonstrated that velocity convergence is, in
fact, ensured through the controls chosen.

Conditions (4a) and (4b) may be satisfied by the choice of a
suitable positive definite scalar potential function V (x). The third
condition (4¢) will be imposed by choosing a suitable set of impul-
sive controls. To this end, the total derivative of the potential V (x)
may be written as

v _ 3 vy )
dv v
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However, in this study the potential will be time independent and
so independent of v. When V' < 0 the motion of the chase vehicle
is freely propagated but, when V' vanishes, a control impulse will
be provided such that the condition V' < 0 is again satisfied. If
Eq. (5) is now solved for a vector of control impulses such that V’
is globally negative definite, then a control law is obtained which
renders the closed-loop system globally and asymptotically stable.
Therefore, the vehicle will be brought to the origin from any point
in state space, within the linear regime.

In the subsequent analysis the local topology of the potential
function will be used to shape the path of the maneuvering vehicle.
Therefore, to obtain a vector of control impulses which is linear
in the state-space coordinates and to allow easy modifications of
the potential shape, a quadratic form will be used as the potential
function, viz.,

Vx) =x"Px ©)

Since the chosen state vector is a function of position only, the
control impulses will be provided such that the chaser velocity x'(v)
immediately after an impulse Ax’(v) is directly opposite to the local
potential gradient, viz.,

X (V) + AX' (V) = —kV;V(x) ¢))

where k is a positive gain. This condition then defines a proper
control!® at the impulse application and ensures that the chase ve-
hicle motion immediately following an impulse is tangent to the
potential gradient. This is an essential condition for the subsequent
analysis of path-constrained maneuvering.

Unconstrained Rendezvous

To illustrate the use of potential function guidance, a simple un-
constrained rendezvous maneuver will be considered. The following
positive definite matrix will be used with Eq. (6) to give an ellip-
soidal projection of the potential in the configuration space:

P 0 0
P=40 po O @
0 0 ps

such that the potential function becomes V(x) = p£% + p,n® +
p3¢2. The potential ellipsoid is always aligned with the target fixed
coordinate axes. However, a congruent transformation of Eq. (6)
may be used to rotate the ellipsoid.

Using Eq. (7) the control impulse Ax’(v) = (A&’, An’, A{’) may
be calculated such that the chaser velocity vector after a control
impulse is directly opposite to the potential gradient. This condition
may be written compactly as

S’+A§,_T)/+Anl_§,+A€I—
pi pan P

—k (&)

These three conditions then define the control impulse magnitude
and direction whereas Eq. (5) defines the switching times. The rate
of descent of the potential immediately after an impulse is then
found to be

V(@) = —2{(p1&)” + (1)’ + (p3¢)’} (10

Since the rate of descent of the potential is now negative definite,
global asymptotic convergence is ensured, but only in position since
the state vector is a function of position only. However, the chosen
control impulses also ensure convergence in velocity space, as the
vehicle velocity after an impulse is bounded by a monotonically
decreasing quantity. From Eq. (9) it can be seen that after an impulse
the chaser velocity is given by

%1 = kv/ (21£)% + (p2)? + (p3£)? = O,

so that rendezvous is ensured.

Figure 2 shows the path of the chase vehicle to the target using the
controls defined by Eq. (9), with the vehicle guided along the path
of steepest descent of the potential. The vehicle state is propagated

llxll =0 (11)
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using the standard linear Clohessy-Wiltshire equations. It is found
that 14 impulses and a Av of 2.77 ms™! is required to bring the
chaser to within 1 m of the target. A total Av of 2.51 ms™! is
required for an optimal two-impulse transfer. The duration of the
potential guided maneuver is 210 min. However, since the approach
is asymptotic, most of this time is required to close the final meters
of the rendezvous. Since the guidance is autonomous the duration
of the maneuver has not been considered as a critical parameter.
It is envisaged, however, that a rescaling of the potential in the
terminal phase would greatly reduce the total number of impulses
and maneuver duration if required.

It can be seen that the chaser trajectory close to the target is
almost rectilinear since the elapsed time between successive im-
pulses becomes small as the chaser closes to the target. Figure 3
shows the nondimensional potential function and rate of descent
of the potential function with time. As can be seen, the poten-
tial is monotonically decreasing since its total time derivative
is negative definite. Each discontinuity in the rate of descent of
the potential represents a control impulse being applied to the
vehicle.

Obstruction Avoidance

The methodology developed in the previous section will now
be extended to include obstructions which are fixed with respect to
the target.!’ The previous methodology required convergence of all
trajectories to the target. Now, not only will convergence be consi-
dered, but it will be required that the trajectories do not cross the ob-
struction surfaces. To enforce this requirement the obstructions will
be isolated by regions of high artificial potential, Fig. 4. Gaussian
functions will be used to represent the obstructions, so that the con-
trols obtained are bounded and no singularities are introduced in
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Fig. 4 Quadratic potential function with obstructions.

the potential function. The shape of the obstruction potential may
be easily modified through the width and skewness of the Gaussian
to generate a maximal surface entirely enclosing the obstruction.
The obstruction potential function will then defined to be of the
form

U(x, %) =¥ exp{—0 ' (x =BT M@ - 7))} (12)

where the obstruction is located at state space position %. The pa-
rameters o and W, are assignable, defining the width and height
of the obstruction potential. They are chosen such that the ab-
solute value of the potential at the obstruction surface is equal
to the potential at the initial vehicle position. Therefore, since
V is monotonically decreasing, the chase vehicle trajectory can
never cross an obstruction surface and so cannot collide with the
obstructions.

The matrix M defines the shape of the potential to represent the
boundary of the obstruction. For example, if the boundary is spheri-
cal it may be described with the matrix M = diag(1, 1, 1). The aug-
mented potential is now defined by a superposition of the quadratic
form of Eq. (6) and the obstruction potentials as

K
Vi g =xPr+ Y Wr i) (13)

k=1

However, using this form of obstruction potential several difficulties
are introduced. Conditions (3a) and (3b) of the Lyapunov’s theorem
are still valid, however, the potential may no longer have a unique
minimum at x = 0 as additional local minima may be introduced
with the obstruction potentials. However, for simple configurations
it may be shown that these local minima are unstable saddle points,
so that there remains a unique, globally attractive point. Further-
more, due to the superimposed obstruction potentials, the location
of the global minimum is no Jonger exactly at the origin of the tar-
get fixed coordinates. However, due to the rapid truncation of the
obstruction potentials, this displacement of the global minimum is
negligible. In fact, for the terminal guidance strategy discussed later,
this difficulty will not arise.

Rendezvous with Multiple Obstructions

A path-constrained rendezvous will now be considered with mul-
tiple obstructions. Again, an impulse will be applied to the vehicle
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when V’ vanishes such that the chase vehicle velocity vector im-
mediately after an impulse is directly opposite to the local potential
gradient. Using the matrix P defined by Eq. (8) and M as

m 0 0
0 0 ns

the required controls Ax'(v) = (A§’, An’, A{') are now calculated
from Eq. (7) using the following expression

§'+A§/_TII+A7)’_§'+AC’=

pE—M pm—Xa psl—hs * (15
where

n=3 m e g, (15b)

k=1 O
o= imz&(n — ) A (15¢)

k=1 Ok
h=Y ms B - fon, (150

k=1 Ok

A =exp{ — o7 {miE — &% + ma(n — )

+m3( — &%} (15¢)

and k is again a positive gain.
Velocity space convergence is again ensured since the magnitude
of the chaser velocity after the impulse is always bounded by

Il = ky/(p1& = )% + (pan — M) + (psg —23)>  (16)

It can be seen that in principle the chaser has a small (typically
< 1073 ms™!) residual relative velocity of (A2 + A2 + Ag)% at the
origin due to the obstruction potentials. However, this problem does
not arise as the terminal guidance strategy will ensure an exact
rendezvous. The rate of descent of the potential after the impulse is
then found to be

V'(x) = —2k{(p1& — 2> + (P2 — A2)* + (st — 23)?} (1)

Since V' is negative definite, global convergence is again ensured.
Figure 5 illustrates the vehicle path with three fixed obstructions.
From the initial state the chaser is guided to the target using a set of
bounded, decreasing impulses, which ensure not only convergence
but also obstruction avoidance. To bring the chaser to within 1 m of
the origin of the target fixed coordinates it is found that 94 impulses
and a total Av of 42 ms™! is required. This increase in the Av
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Fig. 5 Rendezvous with multiple obstructions.

requirement over the unconstrained case is representative of the
highly constrained path of the chase vehicle. The large number of
impulses is largely due to the final, almost rectilinear approach to the
target. Most of the impulses are required during this slow terminal
phase. Such maneuvering requires repeated impulses to generate a
quasicontinuous control. The total duration of the maneuver is 225
min. Again, much of this time is required for closing the final meters
of the approach.

Terminal Rendezvous Guidance

In the previous section the problem of convergence in position and
velocity in the presence of obstructions was discussed. However, no
constraint was imposed on the chase vehicle at the final approach
to the target. The final approach of a real rendezvous is constrained
to be performed along the target docking axis. Therefore, target ob-
struction constraints must be developed, to take into account these
path constraints at the final approach. These constraints will be im-
posed by superimposing a high-potential surface around the target to
guide the chase vehicle to the docking axis from any initial approach
direction.

The shape of the boundary chosen is similar to a cardioid but is
composed of three semiellipses, as shown in Fig. 6. Semiellipses
I and II provide the constraint that the final approach has to be
performed along the positive y axis. Since semiellipses I and II are
tangent to the y axis at the origin, the final meters of the approach
are performed essentially along the docking axis. Semiellipse III
provides the constraint that the chaser must fly around the target to
reach the positive y axis. A three-dimensional constraint surface is
obtained by rotating the target constraint with respect to the y axis.

The parameters b, a;, and b; defined in Fig. 6 must be chosen
to avoid generating Jocal minima at points A; and A,. It is easy to
demonstrate that the following conditions must hold to ensure that
a local minimum is not formed at these points between the target
constraint potential and the quadratic potential

b> 2/ (pr/pa (18a)
b > 2/(p3/p2)a (18b)
a 2
P2 < 2{b—‘] pi (18¢)
1
2
P2 < 2[%] ps (18d)
1

The distance d; from the origin to the target constraint boundary
may be obtained in polar coordinates as

2a,b? cosd
1= ——.
b? cos? @ + a? sin” 6

0el0,7/2) (19)

2a1b}cos o
1= -
b3 cos? 0 + alsin® 6’

6 eln/2,7) (19b)

2a1b1

d = ,
\/b2 cos? 6 + 4a? sin* 6

0 € [m,2m) (19¢)

The controls are then generated in two regions with conditions
r>norr < where r, = max(d;), 8 € [0,27), and r =
& +n*+ D)2

1) If r > r; then the quadratic potential will be augmented with
the obstruction potentials, as defined by Eq. (13).

2) If r < ry the potential will contain the target constraint only.
The obstruction potentials are then not included to avoid disturbing
the global minimum from the origin.

Case 2 will then be considered with the condition r > d,. When
r = dj, so that the chase vehicle is on the target constraint, an
impulse must be applied, such that the rate of descent of the potential
function is again negative definite. The direction of the impulse
will be chosen such that the chase vehicle velocity vector after the
impulse bisects between the tangent vector to the boundary at this
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point and the tangent vector to the quadratic equipotential curve at
the same point. The direction of the vehicle velocity vector is then
defined by the angle y = (@ + B)/2, Fig. 6.

Using this control the impulse magnitude is such that the chase
vehicle velocity after an impulse application is again bounded by
the quantity

Il = ky/(p18)? + (p2m)? + (p3£)? — 0, Ixll = 0 (20)

This equation then bounds the vehicle velocity just after the impulse
whend; <r <ry.

Figure 7 illustrates a typical chase vehicle trajectory during ter-
minal approach. The vehicle is guided autonomously to the origin
of the target fixed coordinates by a set of bounded, decreasing im-
pulses, such that the vehicle is successfully driven to the docking
axis nonetheless avoiding the obstruction generated by the target
itself. The last few meters of the final approach are performed fol-
lowing the docking axis. This distance can be modified with the
parameter b; and adjusted to the desired length. It can be seen that
the chase vehicle tightly follows the potential until it finally hops
along the boundary and onto the docking axis. An additional Av of
8 ms~! is required for this maneuver.

Conclusions

The methodology developed in this study has been demonstrated
to be successful in that path-constrained rendezvous may be ensured
analytically, from any state-space position. The chase vehicle is
guided autonomously by a set of bounded impulse controls from any
initial state to rendezvous with the target. The impulse magnitude
and direction are obtained analytically, derived from an artificial
potential function by applying the second method of Lyapunov. The
burn times are defined as the instant when the rate of descent of the
potential vanishes.

Obstructions may be handled by superimposing regions of high
potential about the volume of state space to be avoided. Moreover,
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various geometries of obstructions may be considered by manipu-
lating the potential shape. The vehicle may, therefore, complete a
collision-free rendezvous maneuver, using exact analytical controls.
The path and behavior of the vehicle when considering obstructions
is rather complex, however, the method is able to control such com-
plex behavior using compact analytic guidance commands.

A degree of optimization has been achieved in that the chaser
velocity vector after the impulse is directly opposite to the poten-
tial gradient. With this method, the number of impulses necessary to
accomplish the rendezvous is reduced and, therefore, the global pro-
pellant use is also reduced. However, since the goal of this study has
been to develop an analytically based, collision-free method, explicit
fuel optimization has not been guaranteed or, indeed, obtained. To
do so would require significantly more complex numerical meth-
ods which defeat the initial goals of the study. These goals have
traded fuel optimization for a globally convergent method which
guarantees safe, collision-free rendezvous in the presence of ob-
structions. Since the vehicle is guided autonomously using exact,
analytic guidance commands, a minimum of onboard computational
power is required so that the methodology appears suitable for on-
board, real-time implementation.
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